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1. Introduction
Throughout this paper, all spaces are assumed to be T1-spaces. Let 2Y denote the set of all non-empty subsets of a
space Y . For a mapping ϕ : X → 2Y , a mapping f : X → Y is called a selection of ϕ if f (x) ∈ ϕ(x) for each x ∈ X . Since
E. Michael’s paper [9], several topological properties have been characterized in terms of continuous selections. As a natural
extension of the insertion theorem due to C.H. Dowker [3, Theorem 4] and M. Kateˇtov [7, Theorem 2], S. Barov [1] character-
ized countably paracompact normal spaces in terms of continuous selections for set-valued mappings with (not necessarily
closed) ﬁnite-dimensional convex values. A space X is said to be countably paracompact if every countable open cover is
reﬁned by a locally ﬁnite open cover. For a Banach space Y , let
Ec(Y ) =
{
E ∈ 2Y : E is convex and dim E < ∞}.
A mapping ϕ : X → 2Y is said to be lower semicontinuous (l.s.c. for short) if for every open subset V of Y , the set
ϕ−1[V ] = {x ∈ X: ϕ(x) ∩ V = ∅}
is open in X . S. Barov [1, Theorem 1] proved the following.
Theorem 1.1. (S. Barov [1]) A T1-space X is countably paracompact and normal if and only if for every separable Banach space Y ,
every l.s.c. mapping ϕ : X → Ec(Y ) with dimϕ(x) = dimϕ(x′) for every x, x′ ∈ X admits a continuous selection.
A topological space is said to be perfect if every open subset is an Fσ -set. A perfect normal space is said to be perfectly
normal. Theorem 1.1 is also related to the following selection theorem for ﬁnite-dimensional-valued mappings, which is
obtained as a corollary of Michael’s selection theorem [9, Theorem 3.1′′′].
Theorem 1.2. (E. Michael [9]) A T1-space X is perfectly normal if and only if for every separable Banach space Y , every l.s.c. mapping
ϕ : X → Ec(Y ) admits a continuous selection.
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theorems for convex- and ﬁnite-dimensional-valued mappings into arbitrary Banach spaces. In Section 2, we give a partial
extension of Theorem 1.1. An extension of Theorem 1.2 is presented in Section 3.
Throughout this paper, λ stands for an inﬁnite cardinal number. The closure of a subset A of a space is denoted by Cl(A).
For a space Y , w(Y ) stands for the weight of Y . Let R denote the space of all real numbers with the usual topology, and N
the set of all positive integers. For a Banach space (Y ,‖ · ‖), y ∈ Y and r > 0, let B(y, r) = {z ∈ Y : ‖y − z‖ < r}. The convex
hull (resp. diameter) of a subset A of a Banach space is denoted by conv A (resp. diam A). For a Banach space Y , let Fc(Y )
denote the set of all non-empty closed convex subsets of Y , and Cc(Y ) the set of all non-empty compact convex subsets
of Y . For undeﬁned notation and terminology, we refer to [4].
2. A partial extension of Theorem 1.1
A space is said to be λ-PF-normal (see [14]) if every point-ﬁnite open cover of cardinal  λ is normal. A space is said
to be PF-normal if it is λ-PF-normal for each cardinal λ. Every collectionwise normal space is PF-normal [8, Theorem 2],
and ω-PF-normality coincides with normality [10, Corollary of Theorem 5], where ω stands for the smallest inﬁnite cardinal
number. Note that Bing’s example [2, Example G] is a PF-normal space which is not collectionwise normal [8, Example 1],
and the space in [8, Example 2] is a normal space which is not λ-PF-normal for uncountable λ. For properties of PF-normal
spaces, see [5, Section 3] and [8]. The “only if” part of Theorem 1.1 can be extended to the following.
Theorem 2.1. If X is a countably paracompact λ-PF-normal space, then for every Banach space Y with w(Y ) λ, every l.s.c. mapping
ϕ : X → Ec(Y ) with dimϕ(x) = dimϕ(x′) for each x, x′ ∈ X admits a continuous selection.
To prove Theorem 2.1, we need some preparation. For a mapping ϕ : X → 2Y , the mapping Cl(ϕ) : X → 2Y is deﬁned by
Cl(ϕ)(x) = Cl(ϕ(x)) for each x ∈ X . Note that if ϕ : X → 2Y is l.s.c., then Cl(ϕ) is also l.s.c. (see [9, Proposition 2.3]). For a
mapping ϕ : X → 2Y , a mapping ψ : X → 2Y is called a set-valued selection if ψ(x) ⊂ ϕ(x) for each x ∈ X .
Lemma 2.2. If X is a countably paracompact space, then for every normed space Y , every l.s.c. mapping ϕ : X → Ec(Y ) admits an
l.s.c. set-valued selection ψ : X → Ec(Y ) such that Cl(ψ(x)) ∈Cc(Y ) and dimψ(x) = dimϕ(x) for each x ∈ X.
Proof. Let 0 be the origin of Y . For each n ∈ N, put Un = ϕ−1[B(0,n)]. Then {Un: n ∈ N} is an open cover of X . Since X is
countably paracompact, there exists a point-ﬁnite open cover {Vn: n ∈ N} such that Vn ⊂ Un for each n ∈ N. For each n ∈ N,
deﬁne a mapping ψn : Vn → 2Y by ψn(x) = ϕ(x) ∩ B(0,n) for each x ∈ Vn . Then ψn is l.s.c. (see [9, Proposition 2.4]) and
dimψn(x) = dimϕ(x) for each x ∈ X and n ∈ N. Deﬁne a mapping ψ : X → 2Y by ψ(x) = conv⋃{ψn(x): x ∈ Vn} for each
x ∈ X . Then ψ is an l.s.c. set-valued selection of ϕ such that dimψ(x) = dimϕ(x) for each x ∈ X (see [9, Proposition 2.6]).
Since {Vn: n ∈ N} is point-ﬁnite, ψ(x) is a bounded subset of some ﬁnite-dimensional subspace of Y , and hence Cl(ψ(x)) ∈
Cc(Y ) for each x ∈ X . 
The following selection theorem is due to T. Kandô [6, Theorem IV] and S. Nedev [13, Theorem 4.1]. (In the realm of
normal spaces, pointwise-paracompactness in [6] coincides with PF-normality, and λ+-pointwise-ℵ0-paracompactness in
[13] is the same as λ-PF-normality, where λ+ stands for the smallest cardinal number greater than λ.)
Theorem 2.3. (T. Kandô [6], S. Nedev [13]) A T1-space X is λ-PF-normal if and only if for every Banach space Y with w(Y ) λ, every
l.s.c. mapping ϕ : X →Cc(Y ) admits a continuous selection.
Let (Y ,‖ · ‖) be a normed space. A subset {a0,a1, . . . ,an} ⊂ Y is said to be geometrically independent if for every
λ0, λ1, . . . , λn ∈ R with ∑ni=0 λi = 0 and
∑n
i=0 λiai = 0, we have λ0 = λ1 = · · · = λn = 0. A collection {V0, V1, . . . , Vn}
of subsets of Y is said to be geometrically independent if {b0,b1, . . . ,bn} is geometrically independent for every bi ∈ Vi ,
i ∈ {0,1, . . . ,n}.
Lemma 2.4. Let X be a countably paracompact λ-PF-normal space, Y a Banach space with w(Y )  λ and ϕ : X → Ec(Y ) an l.s.c.
mapping such that Cl(ϕ(x)) ∈Cc(Y ) and dimϕ(x) = n for each x ∈ X. Then ϕ admits a continuous selection.
Proof. For each x ∈ X , let D(x) be the set of all δ > 0 for which there exist y0, y1, . . . , yn ∈ ϕ(x) such that {B(y0, δ), B(y1, δ),
. . . , B(yn, δ)} is geometrically independent. Put δ(x) = sup D(x). Since dimϕ(x) = n, according to [1, Lemma 2], δ(x) > 0 for
each x ∈ X . For each k ∈ N, put Uk = {x ∈ X: δ(x) > 1/k}. Because ϕ is l.s.c., {Uk: k ∈ N} is an open cover of X . Since X
is countably paracompact and normal, there exists a locally ﬁnite cozero-set covers {Ok: k ∈ N} and {Gk: k ∈ N} such that
Cl(Gk) ⊂ Ok ⊂ Uk for each k ∈ N.
Let k ∈ N be ﬁxed. Take a locally ﬁnite open cover Vk of Y such that diam(conv V ) = diam V < 1/(2k) for each V ∈ Vk
and CardVk  λ. Let Ak be the collection of all
⋂n
i=0 ϕ−1[Vi] such that Vi ∈ Vk , i ∈ {0,1, . . . ,n} and {Cl(conv Vi): i ∈ {0,
1, . . . ,n}} is geometrically independent. Since ϕ is an l.s.c. mapping such that Cl(ϕ(x)) ∈ Cc(Y ) for each x ∈ X and Vk is
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(cf. [16, Proposition 4.5]). Thus, there exists a locally ﬁnite (in Ok) cozero-set cover Ck of Ok which reﬁnes Ak . Then
the collection Wk = {C ∩ Gk: C ∈ Ck} is a locally ﬁnite (in X ) cozero-set collection of X such that Gk =⋃Wk . For each
W ∈ Wk , take V W0 , V W1 , . . . , V Wn ∈ Vk such that W ⊂
⋂n
i=0 ϕ−1[V Wi ] and {Cl(conv V Wi ): i ∈ {0,1, . . . ,n}} is geometrically
independent. For each i ∈ {0,1, . . . ,n}, deﬁne a mapping ϕWi : W → 2Y by ϕWi (x) = Cl(ϕ(x) ∩ conv V Wi ) for each x ∈ W .
Then ϕWi is l.s.c. and compact- and convex-valued. Since W is λ-PF-normal, by virtue of Theorem 2.3, there exists a con-
tinuous selection f Wi : W → Y of ϕWi . Deﬁne fW : W → Y by fW (x) =
∑n
i=0 1n+1 f
W
i (x) for each x ∈ W . Since dimϕ(x) = n
and { f W0 (x), f W1 (x), . . . , f Wn (x)} is a geometrically independent subset of Cl(ϕ(x)), we have fW (x) ∈ ϕ(x) for each x ∈ W .
Since the collection W =⋃k∈NWk is a σ -locally ﬁnite cozero-set cover of X , according to [11, Theorem 1.2] and [12, The-
orem 1.2], there exists a locally ﬁnite partition {pW : W ∈ W } of unity on X such that {x ∈ X: pW (x) > 0} ⊂ W for each
W ∈ W . Finally, deﬁning a mapping f : X → Y by f (x) =∑W∈W pW (x) fW (x) for each x ∈ X , we obtain the required
continuous selection f of ϕ . 
Proof of Theorem 2.1. Let X be a countably paracompact λ-PF-normal space, Y a Banach space such that w(Y )  λ, and
ϕ : X → Ec(Y ) an l.s.c. mapping such that dimϕ(x) = dimϕ(x′) for each x, x′ ∈ X . Let n = dimϕ(x). By Lemma 2.2, there
exists an l.s.c. set-valued selection ψ : X → Ec(Y ) of ϕ such that Cl(ψ(x)) ∈ Cc(Y ) and dimψ(x) = dimϕ(x) = n for each
x ∈ X . Thus, by Lemma 2.4, we have a continuous selection f : X → Y of ψ , which is as required. 
The author does not know the following.
Question 2.5. Does the converse of Theorem 2.1 hold?
3. An extension of Theorem 1.2
For a closed convex subset K of a Banach space, E. Michael [9] deﬁned the “inside” I(K ) of K . Note that for each
E ∈ Ec(Y ), we have I(Cl(E)) ⊂ E (see [9, p. 372]). Thus, by [15, Theorem 2.11], we have the following.
Proposition 3.1. Let X be a perfect λ-PF-normal space, Y a Banach space with w(Y ) λ, and ϕ : X → Ec(Y ) an l.s.c. mapping such
that Cl(ϕ(x)) ∈Cc(Y ) for each x ∈ X. Then ϕ admits a continuous selection.
Remark 3.2. By the same argument as in the proof of [9, (b) ⇒ (a) of Theorem 3.2′′], we may show that the “if” part of
Theorem 2.3 remains valid even if “ϕ : X → Cc(Y )” is replaced with “ϕ : X → Ec(Y ) ∩ Cc(Y )”. Indeed, let U be a point-
ﬁnite open cover of X such that CardU  λ. Deﬁne an l.s.c. mapping ϕ : X →Fc(l1(U )) by
ϕ(x) = {y ∈ l1(U ): ‖y‖ = 1, y(U ) 0 for every U ∈U , and y(U ) = 0 for every U ∈U with x /∈ U
}
for each x ∈ X , where l1(U ) is the Banach space of all functions s :U → R such that ∑U∈U |s(U )| < ∞, where the linear
operations are deﬁned pointwise and the norm is deﬁned by ‖s‖ =∑U∈U |s(U )| for each s ∈ l1(U ). Since U is point-
ﬁnite, ϕ(x) is compact and ﬁnite-dimensional for each x ∈ X . By the hypothesis, there exists a continuous selection of ϕ .
By an argument analogous to the proof of [9, (b) ⇒ (a) of Theorem 3.2′′], it is shown that there is a partition of unity
subordinated to U . Thus U is normal due to [11, Theorem 2.1].
Theorem 1.2 can be extended to the following.
Theorem 3.3. A T1-space X is a perfect and λ-PF-normal if and only if for every Banach space Y with w(Y ) λ, every l.s.c. mapping
ϕ : X → Ec(Y ) admits a continuous selection.
Proof. The “if” part follows from Theorem 1.2 and Remark 3.2. To show the “only if” part, let X be a perfect λ-PF-normal
space, Y a Banach space with w(Y ) λ and ϕ : X → Ec(Y ) an l.s.c. mapping. By Lemma 2.2, there exists an l.s.c. set-valued
selection ψ : X → Ec(Y ) of ϕ such that Cl(ψ(x)) ∈ Cc(Y ) for each x ∈ X . Thus, by Proposition 3.1, ψ admits a continuous
selection, which is also a selection of ϕ . 
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